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In this paper, radiative decays ρ0 → pi+pi−γ, pi0pi0γ ,φ → K+K−γ,K0K¯0γ are studied
systematically in the U(3)L×U(3)R chiral theory of mesons. The theoretical differential
spectrum with respect to photon energy and branch ratio for ρ0 → pi+pi−γ agree well with
the experimental data. Differential spectrums and branch ratios for ρ0 → pi0pi0γ, φ →
K+K−γ, φ → K0K¯0γ are predicted. The process φ → K0K¯0γ is relevant to precision
measurment of CP-violation parameters in the kaon systerm at a φ-factory. We give a
complete estimate of the branch ratio for this decay process by including scalar resonance
f0, a0 poles, nonresonant smooth amplitude and an abnormal parity process with K
∗ pole
which hasn’t been considered before. We conclude that processes with intermediate K∗ do
not pose a potential background problem for φ→ K0K¯0 CP violation experiments.
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I. INTRODUCTION
Radiative decays V → PP¯γ(where V denotes vector mesons, P denotes pseudoscalar mesons) have at-
tracted much interest in past decade[2–10]. The study of this kind of rare decays is important in hadron
physics, both because it is intimately related to the QCD-inspired descriptions of the dynamics of mesons
and because it has been urged by experiments. For example, the reaction φ → K0K¯0γ poses a possible
backgroud problem of φ → K0K¯0 at future φ factory. The latter process has been proposed as a way to
study CP violation [1].
The purpose of our present paper is to systematically study the processes ρ0 → π+π−γ, π0π0γ, φ →
K+K−γ,K0K¯0γ in the framework of U(3)L×U(3)R chiral theory of mesons [12]. In this effective chiral
model, all couplings among pseudoscalars, and its lowest resonances are fixed by introducing an universal
coupling constant g. Thus, a unified description of mesons in the low energy is provided.
In fact, this effective model is an extended chiral quark model including 0−, 1± mesons. The chiral quark
model, originated by Weinberg [13], and then developed by Manohar and Georgi [14], provides a QCD-
inspired description on the simple constituent quark model. In the view of Manohar-Georgi model, between
the chiral symmetry breaking scale(ΛχSB ∼ 1 − 2GeV) and the confinement scale (ΛQCD ∼ 0.1− 0.3GeV),
the dynamical field freedom are constituent quarks(quasi-particle of quarks), gluons and Goldstone bosons
associated with chiral symmetry spontaneously breaking. In this quasiparticle description, the effective gluon
coupling is small and interactions between quarks and Goldstone bosons is important. The external gauge
fields(e.g., photon field) can be introduced by localizing the global chiral symmetry. On the other hand, it
is well known that in the electromagnetic interaction of mesons, the vector mesons play an essential role
through VMD(Vector Meson Dominate) [18]. Therefore, it is quite nature to extend chiral quark model to
include spin-1 meson resonances via VMD and via minimal coupling principle.
The U(3)L×U(3)R chiral theory of mesons has been studied extensively [12,15,16]. The basic inputs for
it are the pseudoscalar decay constants fP , vector meson mass mV and a universal coupling constant g.
Predictions of this model are in good agreement with data [12,15,16]. In particular, in Ref. [17] it has
been shown that the low energy limit of this theory is equivalent to the chiral perturbation theory, and
the QCD constraints in Ref. [19] are satisfied by this model. Therefore, as an effective model of QCD, the
U(3)L×U(3)R chiral theory of mesons is reliable.
The content of this paper is organized as follows. In Sec.2, we present a brief review of chiral quark model
and the basic notations of the U(3)L×U(3)R chiral theory of mesons. In Sec.3 and Sec.4, the branch ratio
for these decays are calculated respectively, and the gauge invariance of these decay amplitudes is checked
explicitly. We give a summary of the results in Sec.5
II. CHIRAL QUARK MODEL AND U(3)L×U(3)R CHIRAL THEORY OF MESONS
The simplest parametrization of chiral quark model is [14]
Lχ = ψ¯(x)(iγ · ∂ −mu(x))ψ(x) (1)
where
ψ = (u, d, s)T ,
u(x) =
1
2
(1− γ5)U(x) + 1
2
(1 + γ5)U
†,
U(x) = exp(2iλaΦa/f0),
and λa are Gell-Mann matrices of SU(3), Φa are fields of pseudoscalar meson octet and f0 ≃ fπ = 186MeV ,
m is a parameter related to the quark condensate.
This Lagrangian is invariant under global chiral symmetry transformation. The vector(Vµ) and axial-
vector(Aµ) external field are introduced into Lχ due to the requirment of local chiral symmetry, i.e., we can
replace the derivative operator in Eq.(1) by covariant derivative operator with affine connection(or gauge
potential) Vµ +Aµγ5 as follows:
∂µ → ▽˜µ = ∂µ − i(Vµ +Aµγ5). (2)
Then we obtain a theory describing strong and elecro-weak interactions of mesons.
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Spin-1 meson resonances can be included via VMD, i.e., via substitution of a new affine connection
((V + v)µ + (A+ a)µγ5) for the former one Vµ +Aµγ5 in Eq.(2),
▽˜µ → ˜˜▽µ ≡ ∂µ − i((V + v)µ + (A+ a)µγ5), (3)
with
aµ = τia
i
µ + λαK
α
1µ + (
2
3
+
1√
3
λ8)fµ + (
1
3
− 1√
3
λ8)fsµ,
vµ = τiρ
i
µ + λαK
∗α
µ + (
2
3
+
1√
3
λ8)ωµ + (
1
3
− 1√
3
λ8)φµ, (4)
where i=1, 2, 3 and α=4, 5, 6, 7.
Now, the author of Ref. [12] came to this extention and proposed a Lagrangian,
L = ψ¯(x)(iγ · (∂ − i((e0QA+ v) + aγ5))−mu(x))ψ(x) + 1
2
m2v(vµav
µ
a + aµaa
µ
a), (5)
where Aµ is photon field, Q is the electric charge. The mass term of v and a is chiral gauge invariant because
the v and a transform homogeneously under local U(3)L ×U(3)R symmetry. Note that there are no kinetic
terms in Eq.(5) for all meson fields, since they are treated as composited fields of quark fields instead of the
fundamental fields. The kinetic terms for these fields will be generated via loop effects of quarks.
Following Ref. [12], the effective Lagrangian of mesons (indicated byM) are obtained through integrating
over the quark fields,
exp{i
∫
d4xLM} =
∫
[dψ][dψ¯]exp{i
∫
d4xL}. (6)
Using the dimensional regularization, and in the chiral limit, the effective Lagrangian LRE (normal parity
part) and LIM (abnormal parity part) have been evaluated in Refs. [12]. The Lagrangian describing normal
parity processes reads
LRE = F
2
16
TrDµUD
µU † − g
2
16
Tr(LµνL
µν +RµνR
µν)
+i
NC
2(4π)2
Tr(DµUDνU
†Lνµ +D†µUDνURνµ) +
NC
6(4π)2
TrDµDνUD
µDνU †
− NC
12(4π)2
Tr(DµUD
µU †DνUDνU † +DµU †DµUDνU †DνU −DµUDνU †DµUDνU †)
+
1
8
m20Tr(LµL
µ +RµR
µ), (7)
where
Lµ = vµ − aµ , Rµ = vµ + aµ ,
DµU = ▽µU − iLµU + iURµ,
DµU
† = ▽µU † − iRµU † + iU †Lµ,
Lµν = ▽µLν −▽νLµ − i[Lµ, Lν ] + e0QFLµν ,
Rµν = ▽µRν −▽νRµ − i[Rµ, Rν ] + e0QFRµν ,
▽µΨ = ∂µΨ+ [−ie0QAµ,Ψ] Ψ = U,U †, L,R,
FLµν = F
R
µν = ∂µAν − ∂νAµ . (8)
Here an universal coupling constant g has been introduced to absorb the logarithmic divergence due to the
integral of quark loop.
In Lagrangian ( 7) the field aµ(x) mixes with ∂µΦ(x), which should be diagonalized conveniently via field
redefinition,
Lµ → Lµ + i c
g
U ▽µ U † ,
Rµ → Rµ + i c
g
U † ▽µ U . (9)
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Then the following equations are derived,
F 2
f2π
(1− 2c
g
) = 1, c =
f2π
2gm2ρ
, for two-flavor. (10)
F 2
f2K
(1 − 2c
′
g
) = 1, c′ =
f2K
2gm2K∗
, for three-flavor (11)
It should be stressed that this field redefinition is different from the one in Ref. [12], aµ → aµ − cg∂µΦ.
Eq.( 9) keeps the chiral symmetry explicitly. It plays an important role when we check the electromagnetic
gauge invariance of the decay amplitude in following sections. Eq.(7)-Eq.(11) provide the formalism employed
in this paper and all the calculations are performed in the chiral limit.
III. THE DECAY ρ0 → pi+pi−γ, pi0pi0γ
In this section, we will restrict our calculations to the two-flavor case. The needed vertices to evaluate
these processes can be obtained from Sec.2. For the reaction ρ0 → π+π−γ, the Feynman diagrams are shown
in Fig.1, the involved vertices are:
                                                 
pi0ρ 0ρ 0ρ
−pi
+pi +pi
−pi
+pi
−pi
a
FIG. 1. ρ0 → pi+pi−γ
Lρππγ = eAρ1ρµAµπiπi + eAρ2∂µρνFµνπiπi , (12)
Lρππ = Aρ1ρkµπi∂µπjǫijk , (13)
Lρaπ = γǫijk[Bρ1∂νρkµaµj∂νπi +Bρ2∂µρkνaµi∂νπj
+Bρ3ρ
k
µa
i
ν∂
µνπj +Bρ4∂
2ρkµa
µiπj ], (14)
Lγππ = eAµπi∂µπjǫijk , (15)
Lγaπ = e γfπ
2gπ2F 2
Fµνa
µi∂νπjǫijk , (16)
where
Aρ1 =
2
g
{1 + m
2
ρ
2π2f2π
[(1− 2c
g
)2 − 4π2c2)]}, Aρ2 =
c− g
g2π2F 2
,
Bρ1 = −
fπ
g2π2F 2
+
8c
gfπγ2
, Bρ2 =
4c
gfπ
+
3fπ
g2π2F 2
,
Bρ3 =
4c
gfπ
+
2fπ
g2π2F 2
, Bρ4 =
1
g2π2fπ
,
γ = (1− 1
2g2π2
)−
1
2 . (17)
The decay amplitude of this process is:
Mρ0→π+π−γ = < π+π−γ|T exp(i
∫
d4x(Lρππγ(x) + Lρππ(x) + Lρaπ(x) + Lγππ(x) + Lγaπ(x))|ρ >
=Ma +Mb +Mc , (18)
where
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Ma = < π+π−γ|iT
∫
d4xLρππγ(x)|ρ0 >, (19)
Mb = < π+π−γ|i2T
∫
d4x
∫
d4yLρππ(x)Lγππ(y)|ρ0 >, (20)
Mc = < π+π−γ|i2T
∫
d4x
∫
d4yLρaπ(x)Lγaπ(y)|ρ0 > . (21)
Since photon is on-shell in this process, we should check the gauge invariance of this amplitude. From Eq.(16)
we see that the vertex of Lγaπ is already gauge invariant, therefore, we need to check only the sum of Ma
andMb. One can derive from Eqs.(19–20) that
Ma = 2ie(Aρ1gµν +Aρ2p · qgµν −Aρ2qµpν)εµ~peν~q ,
Mb = 2ieAρ1(
k+µ k
−
ν
q · k− +
k−µ k
+
ν
q · k+ )ε
µ
~pe
ν
~q , (22)
where p, k+, k−, q denote the momenta of ρ0, π+, π− and photon fields respectively, and εµ~p , e
ν
~q are the po-
larization vectors for ρ meson and photon field respectively. If we substitute eν~q with q
ν in Eq.(22), we will
obtain:
(Ma +Mb)|eν
~q
→qν ∝ (qµ + k+µ + k−µ )εµ~p . (23)
Using four-momentum conservation and the space-like condition of the wave function of vector field,
p = q + k+ + k− ,
p · ε~p = 0 . (24)
Eq.(22) vanishes, so the gauge invariance of this amplitude is kept.
Before we give the numerical results of the width and the branch ratio of this process, it is necessary
to point out that there is no adjustable parameter in our calculation. The basic input g, as an universal
coupling constant in this theory, can be fixed by a experiment, thus we can compare our theoretical results
with experimental data and give predictions for processes which have not been measured in experiments. In
this paper, we take g = 0.39. Then we obtain,
Γ(ρ0 → π+π−γ) = 1.54 MeV ,
B(ρ0 → π+π−γ) = 1.03× 10−2 for Eγ > 50 MeV.
which compares favourably with the experimental data [20], Bexp(ρ0 → π+π−γ) = (0.99± 0.04± 0.15)10−2
for Eγ > 50MeV, where Eγ is the photon energy in the rest frame of ρ
0. The shape of differential spectrum
with respect to photon energe is also given in the Fig. 6. One can see that the experimental result is in good
agreement with our theoretical expectations.
The reaction ρ0 → π0π0γ involves only abnormal parity, the Feynman diagrams is shown in Fig.2. Fol-
lowing Ref. [12], by means of bosonization the quark propagator, we obtain
             
                 
0ρ
0pi
0pi
ω
FIG. 2. ρ0 → pi0pi0γ
Lρωπ = − 3
π2g2fπ
εµναβ∂µωνρ
i
α∂βπ
i , (25)
Lγωπ = −e 3
2π2gfπ
εµναβ∂µωνAα∂βπ
0 . (26)
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The vertex Lγωπ is obviously gauge invariant because of the totally antisymmetry tensor εµναβ . The branch
ratio is calculated to be
B(ρ0 → π0π0γ) = 1.02× 10−5 , (27)
and the differential spectrum with respect to photon energy is shown in Fig.7 which will be tested in future
experiments.
IV. THE DECAY φ→ KK¯γ
In order to calculate the φ decay, we need to extend our calculation to three-flavor case. First, we derive
the vertices for the transition φ → K+K−γ, the Feynman digrams are shown in Fig.3, the vertices of this
process have both normal parity part and abnormal parity part. The normal parity part is
LφK+K−γ = eAφ1φµAµK+K− , (28)
LφK+K− = iAφ1φµK+∂µK− , (29)
LγK+K− = ieAµK+∂µK− , (30)
LφK1K = γ[iBφ1 ∂νφµK−1µ∂νK+ + iBφ2 ∂µφνK−1µ∂νK+ +
iBφ3φµK
−
1ν∂
µνK+ + iBφ4 ∂
2φµK
µ−
1 K
+] + h.c. , (31)
LγK1K = ie
γfK
2gπ2F 2
FµνK
+µ
1 ∂
νK− + h.c. , (32)
where
Aφ1 = −
√
2m2φ
f2K
[4c′(1 − c
′
g
) +
1
gπ2
(1− 2c
′
g
)2],
Bφl =
√
2
2
Bρl (c→ c′, fπ → fK), l = 1, 2, 3, 4. (33)
and the abnormal parity part is
LφK∗K± = −
3
√
2
2π2g2fK
εµναβ∂νφαK
∗+
µ ∂βK
− + h.c. , (34)
LγK∗K± = −
e
2π2gfK
εµναβ∂νAαK
∗+
µ ∂βK
− + h.c. , (35)
         
                        
1
+Κ
φ
−Κ
1Κ *Κ
+Κ
−Κ
φ
+Κ
−Κ
φΚ
+Κ
−Κ
φ
FIG. 3. φ→ K+K−γ
The gauge invariance can also be checked as in the ρ decay. Using the same value of g, i.e., g = 0.39, we
give the differential spectrum in Fig.8 .
Now, we consider the transition φ → K0K¯0γ. The photon in this reaction is very soft(Emax < 25Mev),
so it is difficult to distinguish it from the genuine φ → K0K¯0 events which has been proposed as a way
to measure the small parameter in studying CP violation. The branch ratio of φ → K0K¯0γ(>∼ 10−6) will
limit the presion of this measurment. This quantity has been predicted by several authors[4-10]. In Refs.[4–
8], the contribution of interchanging the scalar meson S(a0,or f0) has been obtained via chain reaction
φ→ Sγ → K0K¯0γ, in which the decay φ→ Sγ is proceeds through the charged K loop. The uncertainty of
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this approach is that the coupling constant gSKK¯ is not well know because of the lack of experiment data.
In Ref. [9], the non-resonant contribution has been calculated using current algebra and low energy theorem.
In Ref. [10], the authors did not introduce a0, f0 explicitly, they calculated the final state intereaction of KK
system in a chiral unitary approach. This approach generates the a0, f0 meson dynamically, the obtained
amplitude after summing over an infinite series diagram also contain non-resonant contribution. All these
calculations, however, did not contain the contribution of an abnormal parity process via interchanging K∗
which in principle must be added to the resonant poles and the nonresonant smooth amplitude, otherwise one
may not assume scalar meson dominance a priori. In the present paper, we provide a complete calculation
on the branch ratio for this decay by including the abnormal parity process with K∗ pole, scalar resonance
f0, a0 poles and non-resonant amplitude. The role of scalar resonance will be dealt with as in the former
works[4–8,10]. The difference between their scheme and ours is that the needed vertices to calculate the
loop diagram φ → K+K−γ has been derived in Eqs.(28–30) as well as all the coupling constants has been
fixed by the universal constant g, in other words, there is no adjustable parameter in our calculation. The
complete intereaction of this process including normal and abnormal parity vertices is:
L = eAφ1φµAµK+K− + iAφ1φµK+∂µK− + ieAµK+∂µK− + LφK∗K0 + LγK∗K0 (36)
where
LφK∗K0 = −
3
√
2
2π2g2fK
εµναβ∂νφαK
∗0
µ ∂βK¯
0 + h.c. , (37)
LγK∗K0 =
e
π2gfK
εµναβ∂νAαK
∗0
µ ∂βK¯
0 + h.c. , (38)
described the abnormal parity process. Denoting the momenta of K0, K¯0 as k1, k2 and defining s1 =
(k1 + q)
2, s2 = (k2 + q)
2, we derived the amplitude for this abnormal diagram(shown in Fig.4):
             
φ
0Κ
0Κ
*Κ
FIG. 4. φ→ K0K¯0γ through K∗.
M1 = < K0K¯0γ|i2T
∫
d4x
∫
d4yLφK∗K0(x)LγK∗K¯0(y)|φ >,
= ie
3
√
2
2π4g3f2K
(d0gµν + d1k1µk1ν + d˜1k2µk2ν + d2k1µk2ν + d˜2k2µk1ν) ǫ
µ
~pe
ν
~q (39)
with
d0 =
s1
4(s1 −m2K∗)
(4k1 · k2 + s1 −m2φ) + (k1 ↔ k2),
d1 =
1
2
(
s2
s2 −m2K∗
− m
2
φ − s1
s1 −m2K∗
), d˜1 = d1(k1 ↔ k2),
d2 =
s2
s2 −m2K∗
− k1 · k2
s2 −m2K∗
, d˜2 = d2(k1 ↔ k2). (40)
In order to derive the contribution of scalar resonance f0 and a0, we need to calculate the one loop diagram
though K+K− and the final state intereactions of K+K− to K0K¯0 shown in Fig.5 .Similar to Ref. [10], we
get the amplitude:
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                                    (a)
                 
                 =          +              +                +    ……
           
                              
                                    (b)
                                       
              
φφ
−Κ
+Κ
+Κ
φ
−Κ
0Κ 0Κ0Κ
0Κ0Κ 0Κ
+Κ
−Κ
Κ
Κ Κ
Κ
FIG. 5. (a).φ→ K0K¯0γ through charged K loop. (b).K+K− → K0K¯0 amplitude, the intermediate loops contain
pipi,KK¯, pi0η.
M2 = eA
φ
1
2π2im2K
I(a, b)[p · qgµν − pνqµ] ǫµ~peν~q ts (41)
where a = m2φ/m
2
K , b = Q
2/m2K , Q
2 = (k1 + k2)
2,
I(a, b) =
1
2(a− b) −
2
(a− b)2 (f(
1
b
)− f(1
a
)) +
a
(a− b)2 (g(
1
b
)− g(1
a
)) (42)
with
f(x) =
{
− arcsin( 1
2
√
x
)2 x > 1
4
1
4
[ln( η+
η−
)− iπ]2 x < 1
4
g(x) =
{
(4x− 1) 12 arcsin( 1
2
√
x
)2 x > 1
4
1
2
(1− 4x) 12 [ln( η+
η−
)− iπ]2 x < 1
4
η± =
1
2x
(1 ±√1− 4x) (43)
the ts(Eq.(9) in [10]) is the scattering amplitude of K
+K− to K0K¯0, its diagrammatic meaning is shown in
Fig.5(b), and its explicit expression can be obtained from Eq.(30) in Ref. [11] which is derived from Lippmann-
Schwinger equation in the coupled channel approach. As declared in Ref. [10], this amplitude(Eq.(41)) also
take into account nonresonant contribution.
The width and the branch ratio are given by:
Γ(φ→ K0K¯0γ) = α
192π2m3φ
∫
ds1dQ
2(M1 +M2)2 (44)
B(φ→ K0K¯0γ) = Γ(φ→ K0K¯0γ)/4.43 (45)
where α = e2/4π = 1/137. In the following numerical evaluation, the constant g take the same value
0.39 as in the previous. If we neglect the abnormal parity process, i.e. set M1 = 0, then we obtained
B(φ → K0K¯0γ)scalar = 5.6 × 10−8, which is a little different with the value 5 × 10−8 quoted in Ref.
[10]. On the other hand, if we neglect the contribution of scalar resonance, i.e. set M2 = 0, we obtained
B(φ → K0K¯0γ)abnormal = 7.6 × 10−8. We see that the contribution of this abnormal parity process is the
same important as the scalar resonance poles, so its contribution can not be neglected. After performing the
integral of Eq.(44), we obtained:
B(φ→ K0K¯0γ) = 1.8× 10−7 . (46)
We see although the interference is constructive, it will not provide much significant background for precision
test of CP-violation in φ → KK¯. The differential spectrum with respect to photon energy for these three
case(abnormal, scalar, interference) are given in Fig.9.
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V. SUMMARY
To conclude, in this paper, we perform a systematic calculation of ρ and φ’s radiative decays in an extended
chiral quark model, in which all coupling are fixed by the universal coupling constant g. The gauge invariance
of these decay amplitudes has been checked. The theoretical differential spectrum with respect to photon
energy and branch ratio of ρ0 → π+π−γ agree with the experimental data well. Predictions of differential
spectrum and branch ratio for the processes ρ0 → π0π0γ, φ → K+K−γ,K0K¯0γ have been derived. The
branch ratio for φ → K0K¯0γ including the contribution of abnormal parity process with K∗ pole, scalar
resonance a0, f0 poles and nonresonant amplitude has been calculated to be about 10
−7 and will not limit
the precision measurment of the small CP-violation parameters at future φ factory.
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FIG. 6. Photon spectrum,dΓ/dEγ ,for the process ρ
0
→ pi+pi−γ. The experimental data taken from Ref.[20] are
normalized to our results
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FIG. 7. Photon spectrum, dΓ/dEγ , for the process ρ
0
→ pi0pi0γ.
10
5 10 15 20 25 30 35
0.0
0.2
0.4
0.6
0.8
1.0
 
 
dΓΓ
/d
E γγ
Eγ (MeV)
FIG. 8. Photon spectrum, dΓ/dEγ , for the process φ→ K
+K−γ. For Eγ > 5MeV
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FIG. 9. Photon spectrum, dΓ/dEγ , for the process φ → K
0K¯0γ. Dot line: distribution only taking into account
contribution of abnormal parity process withK∗ poles, dash line:distribution only taking into account the contribution
of scalar resonance poles and nonresonant amplitude, solid line: the total distribution.
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